Surface magnetic anomaly observed in UXO clearance is mainly dipolar and, as a result, the dipole is the only moment used regularly in UXO applications. The dipole moment contains intensity of magnetization information but lacks shape information. Unlike dipole, higher-order moments, such as quadrupole and octupole, encode asymmetry properties of magnetization distribution within buried targets. In order to improve our understanding of magnetization distribution within UXO and non-UXO objects and its potential utility in UXO clearance, we present results of a 3D numerical modeling study for highly susceptible metallic objects. The basis for modeling is the solution of a nonlinear integral equation, describing magnetization within isolated objects, allowing us to compute magnetic moments of the object, analyze their relationships, and provide a depiction of the surface anomaly produced by the different moments within the object. Our modeling results show significant high-order moments for more asymmetric objects situated at typical UXO burial depths, and suggest that the increased relative contribution to magnetic gradient data from these higherorder moments may provide a practical tool for improved UXO discrimination.
Introduction
Traditionally, unexploded ordnance (UXO) has been modeled with magnetic dipoles and spheroids , due to the dominating dipolar response of a buried metallic object. This approach, although relatively successful, lacks information about size and symmetry of the body. Asymmetry information is contained in higher-order moments. Presence of these moments is recognized in classical physics (e.g., and geophysical literature , but little work quantifying strengths and contributions of these moments is available in the UXO literature. This is partly due to limitations imposed by noise level in total-field data acquired in current UXO clearance. Recent advances in magnetic gradiometry are expected to significantly increase signal-to-noiseratio (SNR) of data and make it feasible to recover higherorder moments for their use in UXO discrimination.
To lay the foundation for utilizing the high-order moments, we model magnetic response for a variety of highly susceptible three-dimensional objects representing UXO and non-UXO items. We model magnetization distribution using a nonlinear integral equation and calculate dipole and higher-order moments (quadrupole and octupole) arising from inhomogeneous and asymmetrical magnetization distribution. This approach accounts for selfdemagnetization effects and provides an accurate depiction of the buried magnetic source. Based on such modeling, analysis of the behaviour of dipole, quadrupole, and octupole fields enables us to quantify and catalog relative strengths of magnetic moments for different classes of metallic objects.
Numerical modeling of highly susceptible 3D objects
Without loss of generality, we focus on induced magnetization. Induced magnetization occurs when magnetic domains in a material tend to align with the direction of the inducing field . The ease with which domains align, and strength of induced magnetization, depends strongly on the magnetic susceptibility of material . In linear and isotropic material, magnetization is given by
where κ is magnetic susceptibility and H v is the total magnetic field, that includes both inducing field and the secondary field produced by the magnetization distribution. The relation between magnetization and susceptibility is therefore nonlinear since the susceptible object has an anomalous field that depends on magnetization that, in turn, is a function of H r .
In highly magnetic material the secondary field opposes the inducing field, and magnetization is smaller than in the approximation. This phenomenon, termed selfdemagnetization (e.g., , refers to extent of inducing field reduction by superposition of the secondary field produced by magnetization inside the body. Selfdemagnetization has been examined in applied geophysics, especially in mineral exploration (e.g., ). An approach to account for it is to compute demagnetization factors for bodies such as spheroids or rectangular prisms (Sharma, 1966) . Internal demagnetization field for a magnetic body is strongly dependent on body shape, so approximation of the demagnetization for an irregularly shaped body by demagnetization of a body of known demagnetization factor can lead to considerable errors (Sharma, 1966) . Hence, irregular objects require numerical modeling. Sharma (1966) developed an integral equation approach, and more recently, formulated the problem using a differential equation approach. Since we deal with compact objects, we choose to adopt an integral equation approach following Sharma (1966) for its simplicity.
For an isotropic metallic object situated in the earth's inducing field, the total magnetic field within the object is given by the sum of the inducing field o H r and a secondary field a H r produced by the object's magnetization. This is described by the integral equation for the magnetic field,
is the distance between source and observation points, and the second term on the right-hand side is the secondary field.
This equation is valid for any observation point r r in the entire space, including inside the source body, whereas the integral part concerns with only the source region. Solving this integral equation yields the magnetic field inside the source body, which defines magnetization as a function of position within the object. Equation (1) has analytic solution only in special cases (e.g., a shperoid). In general, we must solve it numerically. For this study we have chosen the Method of Moments ) and a point-collocation scheme, and defined source bodies by sets of cuboidal cells assuming that magnetic field and magnetization within each cell are uniform and equal to those at the center of the cell. The obtained solution yields the effective magnetization components of all cells in the body. Figure 1 displays examples of discretized objects. The cells in these models are between 0.25-0.75cm on a side.
This discretization approach allows us to compute the magnetization distribution for bodies of arbitrary shapes, regardless of material magnetic susceptibility. The accuracy of the solution is dependent upon cell size (thus on the fit of cuboidal-cell models to the boundaries of modeled objects), material susceptibility, and validity of the assumption of uniform magnetization within the cells. Based on these considerations, we could approximate the object to a high degree with finer cells in order to obtain a better solution. In numerically evaluating the equation, however, there are two issues: (1) trade-off between fitting accuracy for body boundary and computational cost, and (2) rapid increase in rounding errors with increasing size of the coefficient matrix . Discretization error decreases as the number of cells increases, but both round-off error and CPU time increase with increasing number of cells. Numerical tests showed that cell sizes of 0.25-1.0cm produce sufficiently accurate results, and solutions can be obtained on a standard PC with reasonable amount of computational cost. For each digitized model, we obtain the integral equation solution of magnetization under an assumed inducing field direction, and then calculate dipole, quadrupole, and octupole magnetic moments ) from magnetization distribution. The definition of multipole moments depends upon choice of a reference point within source body. In our work, we choose this point to be the geometric centroid of the magnetization distribution.
Numerical examples: Comparison of UXO and Fragment models
We created a small catalog of numerical 3D models with two general groups of objects, regularly-shaped objects without fore-aft symmetry (UXO), and irregularly-shaped non-UXO objects (fragments). UXO and scrap are generally made of steel, with typical susceptibility between several hundred to over a thousand SI ). We used a value of 260 SI for all the models. Susceptibility value is fundamental because above 1.0 the response of an object is strongly non-linear due to self-demagnetization. Above 100 SI, however, magnetization saturates and increasing susceptibility produces only a slight variation on magnetic response. Figure 2 shows the comparison of surface responses of different magnetic moments in the "boomerang" item ( Figure 1 ) at a depth of 80cm. We examine the total-field anomaly and two tensor gradient components Txy and Tzz. The total-field anomaly is much smoother in comparison to gradient data. For the total-field data, quadrupole and octupole responses have similar signal amplitude of about 5% of the dipole-field amplitude. For gradient data, however, the quadrupole amplitude is between 25-45% of the amplitude of the dipole field, and the quadrupole amplitude is between 15-20% that of the dipole field. This suggests that quadrupole and octupole responses are enhanced in gradient data. To quantitatively evaluate relative responses of different moments, we examine ratios of L-2 norms of surface response maps such as those in Figure 2 . Quadrupole-to-dipole ratio (QDR) is the quotient of L-2 norm of quadrupole response and that of dipole response, and octupole-to-dipole ratio (WDR) is the quotient of norms of octupole and dipole responses. For the two objects in Figure 1 , for gradient data the largest QDR=4.5% for the projectile and 45.9% for the "boomerang". Largest WDR=12.2% for the projectile and 16.3% for the fragment. For total-field anomaly QDR=3.1% for the projectile and 16.4% for the boomerang; with WDR=2.5% for the projectile and 4.4% for the fragment. A noise level with mean zero and standard deviation of 2 nT is equivalent to 16% of the L-2 norms of total-field dipole response for the projectile at this depth. Thus, such a noise level wipes out the field from any moment beyond the dipole. SNR for gradient data is estimated to be about twice that for totalfield anomaly data, due to the common-noise rejection features of construction of gradient systems. Such a noise level is around 4.7% of the gradient dipole response by the L-2 measure, making it possible to recover quadrupole moments from gradient data. To explore the variation of QDR and WDR for the items in the catalog we compute their responses for a suite of relative orientations between objects and inducing field. We fix items to lie horizontally and vary the orientation of the inducing magnetic field. All simulations use a constant ratio of closest approach to body length equal to 3. From comparing results we find the following (Figure 3 ): 1) Maximum QDR is greater for gradient data than for total-field anomaly, with mean value comparable to or larger than QDR for total-field anomaly data. 2) Mean and maximum QDR values are generally greater for fragments than for UXO. In some cases, there is an order of magnitude difference.
3) There is a small region of overlap for QDR between UXO and fragments. This is partly due to the fact that some fragments are only slightly asymmetric and small in size.
Similar observations can be made for WDR variation (Figure 4 ), only that range of variation of this contribution shows larger overlap between UXO and non-UXO objects for the case of vertical inducing field. Also, the magnitudes of this contribution are smaller than for ODR. There is a clearly definable difference in relative strengths of dipole and higher-order moment fields from UXO and fragment items. This difference is apparent in both totalfield and gradient data, but it is more pronounced in the latter. Therefore, the increased and detectable quadrupole responses from fragments may offer a viable tool for identifying these items. Thus it can be a potentially useful criterion for UXO discrimination. Also, relative contribution of quadrupole and octupole is higher in gradient data than in total-field data. This observation, coupled with the fact that gradient data have better SNR, means that gradient data would be more advantageous than total-field anomaly data if higher-order moments are used for discrimination.
Conclusions
We have presented a numerical modeling study for magnetization in highly susceptible UXO and non-UXO objects and its use in understanding strengths and relative contributions of various magnetic moments in these objects. Magnetization is obtained by solving an integral equation describing the self-demagnetization process within confined objects. The dipole, quadrupole, and octupole moments are then calculated, with respect to an object's centroid point, from the solved magnetization distribution. Such decomposition enables us to investigate the feasibility of using higher-order magnetic moments in UXO discrimination.
There is a significant difference in relative contributions of quadrupole responses from UXO and non-UXO objects. The quadrupole component is relatively stronger in gradient data than in total-field magnetic data. Furthermore, the quadrupole from UXO items in general is much smaller than from non-UXO items. We find that the contribution of the octupole is also important for non-UXO objects. Therefore, we conclude that there is a potential to improve the UXO discrimination effort by utilizing higher-order moments, and that the newly available tensor gradient data provide a viable opportunity for recovering quadrupole moments to be used in discrimination work.
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